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SPIN 1 PARTICLE IN A 15-COMPONENT FORMALISM,
INTERACTION WITH ELECTROMAGNETIC AND GRAVITATIONAL FIELDS
Abstrat
A generalized vetor partile theory with the use of an extended set of Lorentz group irrediible rep-
resentations, inluding salar, two 4-vetors, and antisymmetri 2-rang tensor, is investigated both in
tensor an in matrix approahes. Initial equations depend upon four omplex parameters λi, obeying two
supplementary onditions, so restrition of the model to the ase of eletrially neutral vetor partile is
not a trivial task. A speial basis in the spae of 15-omponent wave funtions is found where instead of
four λi only one real-valued quantity σ, a bilinear ombination of λi, is presented. This λ-parameter is
interpreted as an additional eletromagneti harateristi of a harged vetor partile, polarizability. It
is shown that in this basis C-operation is redued to the omplex onjugation only, without any aom-
panying linear transformation. The form of C-operation in the initial basis is alulated too. Invariant
bilinear form matrix in both bases are found and the Lagrange formulation of the whole theory is given.
Expliit expressions of the onserved urrent vetor and of the energy-momentum tensor are established.
In presene of external eletromagneti fields, two supplementary field omponents, salar and 4-vetor,
give a non-trivial ontribution to the Lagrangian and onserved quantities. Restrition to a massless
vetor partile is determined.
Extension of the whole theory to the ase of Riemannian spae-time is aomplished. Two methods
of obtaining orresponding generally ovariant wave equations are elaborated: of tensor- and of tetrad-
based ones. Their equivalene is proved. It is shown that in ase of pure urved spae-time models without
Cartan torsion no speifi additional interation terms beause of non-flat geometry arise. The onformal
symmetry of a massless generally ovariant equation is demonstrated expliitly. A anonial tensor of
energy-momentum Tβα is onstruted, its onservation law happens to involves the Riemann urvature
tensor. Within the framework of known ambiguity of any energy-momentum tensor, a new tensor T¯βα is
suggested to be used, whih obeys a ommon onservation law.
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Results
Introdution
In order to have a omprehensive theory of higher-spin fields, it is neessary to be able to desribe
interations. The most important and the best understood is, of ourse, the eletromagneti one. But the
gravitation is very important as well, at least from theoretial viewpoint if not from pratial. Generally,
a standpoint may be brought forward that we should give muh attention to those fats of physis in
the Minkowski spae-time whih allow for extension to a generally ovariant physis. Else one point
should be taken as of prinipal importane. Sine wave equations with subsidiary onditions usually lead
to onsisteny diffiulties when minimally oupled to an eletromagneti field, it seems best to avoid
subsidiary onditions from the start. Furthermore, it seems the best to start with a first-order system,
whih is linked up to a ertain Lagrange funtion, and in whih some physially required restritive
onditions are built in from the very beginning in aordane with the Pauli-Fierz approah [1-2℄. The
more so is in the ontext of possible bakground of a non-Eulidean geometry, in view of arising additional
subtleties in a onsisteny problem.
It is well known that if one looks for a first-order differential equation desribing a mass m spin s
field, that is form-invariant under Lorentz transformations, derivable from a Lagrangian, then one does
not uniquely obtain the ommon Dira or Duffin-Kemmer or some other equations. A general theory of
suh first-order and Lagrangian-based equations has been treated at great length Fierz and Pauli [1-2℄,
Dira [3℄, Bhabha [4℄, Harish-Chandra [5℄, Umezawa [6℄, and by many others [7-12℄.
In fat, it was shown that almost an infinite many of suh equations is possible. However, there has
been a notable dearth of examples of suh theories that have been developed at a large extent omparable
to the Dira or Duffin-Kemmer examples. But suh partile models, being elaborated in full detail, might
shed new light on the theory of general arbitrary-spin wave equations. Muh work in this diretion has
been done [13-39℄. For instane, generalized wave equations for partiles of spin 1/2 and 1 respetively and
with arbitrary anomalous magneti momentums have been worked out [15,17-19,21,22,24℄, [28,30,34,37-
39℄. Else one extension, less known, has been done for boson partile: a next simplest theory beyond
the Duffin-Kemmer ase was worked out in [20,25,26,35,36℄ and an expliit representation of the basi
first-order equation was given.
In this paper we examine the properties of this new 15-omponent spin 1 theory in the ase of no
interation as well as in presene of external eletromagneti and gravitational fields. It turns out that
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this theory is very simply related to the Duffin-Kemmer equation (in reent years some interest in
the Duffin-Kemmer-Petiau formalism again an be noted  see [40-45℄). In the free-field ase, the two
theory are equivalent, and the more ompliated 15-omponent model an be redued to the ordinary 10-
omponent one. In the presene of external eletromagneti fields, one again obtains a Duffin-Kemmer like
theory with an additional term orresponding to an eletromagneti polarizability. Thus, this extended
theory is definitely inequivalent to the Duffin-Kemmer theory in presene of the minimal eletromagneti
oupling. This else one time illustrates expliitly a point emphasized in the literature that although two
field theories may be equivalent in absene of interation, they may be ompletely inequivalent in presene
of interation.
1. Generalization of the vetor partile theory
The full physial ontent of an extended theory of a spin 1 partile will emerge later. As for now, we
just postulate ertain original set of the Lorentz group representation along with a wave equation for the
generalized fields [20,25,26℄. Initial generalized equation for a massive spin 1 partile, being assoiated
with the sheme of links
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( m =Mc/h¯)
∂a(λ1Φ1a + λ2Φ2a)− Φm = 0 ,
∓λ∗1∂aΦ+ λ3∂
bΦab −mΦ1a = 0 ,
±λ∗2∂aΦ+ λ4∂
bΦab −mΦ2a = 0 ,
∂a(λ
∗
3Φ1b − λ
∗
4Φ2b)− ∂b(λ
∗
3Φ1a − λ
∗
4Φ2a)−mΦab = 0 . (1.1)
Here all the fields (Φ,Φ1a,Φ2a,Φab) as well as λi are omplex-valued. Therefore restrition of the theory
to the ase of hargeless partile, whih annot interat with external eletromagneti fields, is to be a
matter of speial onsideration.
It must be noted that the λi-s are not fixed uniquely. Any set of suh λi must obey two restriting
onditions [25,26℄
λ1λ
∗
1 − λ2λ
∗
2 = 0 , λ3λ
∗
3 − λ4λ
∗
4 = 1 . (1.2)
In aordane with eqs. (1.2), freedom of hoie of the λi-s is as follows:
(
λ′1
λ′2
)
=
(
cosh θ sinh θ
sinh θ cosh θ
)(
λ1
λ2
)
,
(
λ′3
λ′4
)
=
(
coshΘ sinhΘ
sinhΘ coshΘ
)(
λ3
λ4
)
. (1.3)
Generally speaking, θ− and Θ−transformations are independent of eah other.
The tensor equations (1.1) an be formulated as one matrix equation. To this end, let us rewrite eqs.
(1.1) in the form
∂a(λ1g
ab)Φ1b + ∂a(λ2g
ab)Φ2b −mΦ = 0 ,
∂a(∓λ
∗
1δ
a
k)Φ− ∂a(λ3g
al 1
2
δmnlk )Φmn −mΦ1k = 0 ,
∂a(±λ
∗
2δ
a
k)Φ− ∂a(λ4g
alδmnlk )Φmn −mΦ2k = 0 ,
∂a(λ
∗
3δ
ab
kl )Φ1b + ∂a(−λ
4
4δ
ab
kl )Φ2b −mΦkl = 0 . (1.4)
2
Latin indies take the values 0, 1, 2, 3; at the work in the Minkowski spae-time the onventional metri tensor (gab) =
diag(+1,−1,−1,−1); x0 = ct will be used.
6
In eqs. (1.4) and in the following a speial Kroneker's symbol δabkl , ating in the spae of antisymmetri
tensors as a unite operator
δabkl = (δ
a
kδ
b
l − δ
a
l δ
b
k) ,
1
2
δabkl Φab = Φkl .
In turn, the equations (1.4) an be written as a matrix equation:
∂a


0 λ1g
ab λ2g
ab 0
∓λ∗1δ
a
k 0 0 −λ3g
alδmnlk
±λ∗2δ
a
k 0 0 −λ4g
alδmnlk
0 +λ∗3δ
ab
kl −λ
∗
4δ
ab
kl 0




Φ
Φ1b
Φ2b
Φmn

 = m


Φ
Φ1k
Φ2k
Φkl

 , (1.5a)
or in a ompat form
( Γa∂a −m ) Ψ = 0 , (1.5b)
where four matries Γa with the blok struture
γa =


1 1× 4 1× 4 1× 6
4× 1 4× 4 4× 4 4× 6
4× 1 4× 4 4× 4 4× 6
6× 1 6× 4 6× 4 6× 6

 (1.5c)
have been used. Take notie on the absene of a fator 1/2 in seond row of the Γa at λ3; this is so
beause we have supposed that Ψ-funtion ontains only 6 omponents of the antisymmetri tensor Φkl
(those are (01, 02, 03, 23, 31, 12); so one an sum over 6-ombinations [kl] or an sum over indies k and
l independently but simultaneously inserting the fator 1/2 (see (1.4)).
The freedom of hoie (1.3) an be understood in the following way: let us simultaneously with the
hange λi =⇒ λ
′
i (1.3) perform non-degenerate linear transformation upon Ψ-funtion:
Ψ′ = S Ψ, S = S(θ,Θ) ,
(Γ
′a∂a −m) Ψ
′ = 0, Γ
′a = SΓaS−1 , (1.6a)
Solving the equation Γ
′a = SΓaS−1 , where Γa and Γ
′a
are funtions of λi and λ
′
i respetively (see (1.3)),
one an easily establish the expliit form of S:
(
Φ′1
Φ′2
)
=
(
cosh θ − sinh θ
− sinh θ cosh θ
)(
Φ1
Φ2
)
, Θ = −θ . (1.6b)
Now we are oming to another question. Let us perform a speial linear transformation
(
Ca
Φa
)
=
(
λ1 λ2
λ∗3 −λ
∗
4
)(
Φ1a
Φ2a
)
,
(
Φ1a
Φ2a
)
=
1
λ1λ∗4 + λ2λ
∗
3
(
λ∗4 λ2
λ∗3 −λ1
)(
Ca
Φa
)
. (1.7)
In these variables , eqs. (1.1) will take on the simpler form (in the following will be onvenient instead
the salar funtion Φ(x) to use the notation C(x); so two supplementary omponents will be C(x) and
Ca)
∂aCa −mC = 0 ,
d ∂aΦba −mCb = 0,
∓d∗ ∂bC + ∂
aΦba −mΦb = 0 ,
∂aΦb − ∂bΦa −mΦab = 0 , (1.8)
where symbol d stands for the ombination of λi-s: d = λ1λ3 + λ2λ4 . Take notie that the new system
(1.8) depends on λi only through d and d
∗
.
In addition it is readily verified that the introdued vetors C(x) and Ca(x) are θ-invariant. In other
words, irrespetive of a onrete hoie of an initial basis, fixed by a set of λi, the final system (1.8) will
be the same.
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Eqs. (1.8) an be written, as well as eqs. (1.1), in a matrix form:
(Γa∂a −m)Ψ = 0 ,
∂a


0 gak 0 0
0 0 0 −dgabδmnbl
∓d∗δal 0 0 −g
abδmnbl
0 0 δakbl 0




C
Ck
Φk
Φmn

 = m


C
Cl
Φl
Φbl

 . (1.9)
Having used two first equations in (1.8) one an exlude the supplementary field C(x) from third
equation in (1.8):
∓
d∗d
m2
∂a (∂
k∂lΦkl) + ∂
bΦab −mΦa = 0 ,
∂aΦb − ∂bΦa −mΦab = 0 . (1.10a)
As the term (∂k∂lΦkl) vanishes identially. Thus, in free ase (absene of external fields) additional
parameter of the extended theory of the spin 1 partile does not manifest itself anyhow. At this two
supplementary field omponents are as follows:
C = 0 , ∂aCa = 0 , Ca = d Φa , (1.10b)
and the main equations are
∂aΦba −mΦb = 0 , ∂aΦb − ∂bΦa −mΦab = 0 . (1.11)
these are ordinary Proa equations.
Other situation is realized in presene of external eletromagneti fields. Making onventional hange
in eqs. (1.8)
∂a =⇒ Da = ∂a − ig Aa(x) ,
g = eh¯c , e  eletri harge of the partile, instead of (1.8) we get
DaCa −mC = 0 , d D
aΦba −mCb = 0 ,
∓d∗ DbC +D
aΦba −mΦb = 0 ,
DaΦb −DbΦa −mΦab = 0 . (1.12)
From seond equation in (1.12) it follows
DaCa =
d
m
DaDbΦab = i
ed
m
1
2
F ab Φab , (1.13a)
where Fab = (∂aAb − ∂bAa). Aounting for (1.13a), from first equation in (1.12) we get
C = −i
ed
m2
1
2
F abΦab . (1.13b)
Substituting (1.13b) into third equation in (1.12), we arrive at
DaCa −mC = 0 , d D
aΦba −mCb = 0 ,
±i
edd∗
m2
Dk (
1
2
F abΦab) +D
aΦak −mΦk = 0 ,
DaΦb −DbΦa −mΦab = 0 . (1.14)
Equations (1.14) desribe behavior of the vetor partile in external eletromagneti field. Two first
relations in (1.14) are to onsidered as additional, they give us possibility to onstrut supplementary
fields C(x), Ca in terms of the main Φa”,Φab. In (1.14) d
∗d-dependent term is an additional one and it
represents some eletromagneti harateristi of the partile.
Now we are oming to another question and will onsider how one should determine the massless
limit of the theory. The orresponding equations are to be
∂aCa − C = 0 , d ∂
aΦba − Cb = 0,
8
∓d∗ ∂bC + ∂
aΦba = 0 ,
∂aΦb − ∂bΦa − Φab = 0 . (1.15)
This system is invariant under gauge transformation
Φa(x) =⇒ Φ
′
a(x) = Φa(x) + ∂aZ(x) ,
C(x) = inv , Ca(x) = inv , Φab(x) = inv . (1.16)
Having all the fields omplex, the Z(x) is to be omplex too. It should be borne in mind that suh a
different behavior of two vetor omponents Ca,Φa under gauge transformation (see. (1.16) ) holds only
in the hosen basis. Taking the gauge transformation (1.16) to the initial basis Φ1a,Φ2a (1.1) we will
have
Φ1a =⇒ Φ1a +
λ∗1
d∗
∂aΛ(x) , Φ2a =⇒ Φ2a −
λ∗2
d∗
∂aΛ(x) , (1.17)
both vetors transform simultaneously.
In the massless ase the supplementary fields turn out to be zero
C = 0 , Cb = 0,
Thus, eq. (1.15) takes on the form of the ordinary Proa massless system
∂aΦba = 0 , ∂aΦb − ∂bΦa − Φab = 0 . (1.18)
This is quite understandable result, having remembered that in massive ase the λi exhibit themselves
physially only in presene of external eletromagneti fields Aa(x).
However, from heuristi onsiderations (having in mind the gauge invariane priniple), in the massless
ase as well one an theoretial possibility, to study a massless omplex-valued field in external vetor
('eletromagneti') field
3
At this eqs. (1.15) will hange into
DaCa − C = 0,
d DaΦba − Cb = 0 ,
∓d∗ DbC +D
aΦba = 0 ,
DaΦb −DbΦa − Φab = 0 , (1.19)
where Da = ∂a−igAa. Eqs. (1.19) are invariant under U(1)-gauge transformation, different from previous
gauge symmetry (1.16):
Aa =⇒ Aa + ∂aΛ(x) , (C,Ca,Φa,Φab) =⇒ e
igΛ (C,Ca,Φa,Φab) . (1.20)
It an be readily verified that eqs. (1.19) are equivalent to the following ones
Cb = d D
aΦba ,
C = −i ed
1
2
F abΦab ,
±i ed∗d Db(
1
2
F klΦkl) +D
aΦab = 0 ,
DaΦb −DbΦa − Φab = 0 . (1.21)
So, in a massless ase, in presene of external vetor fields Aa, the λi-parameters manifest themselves
as well.
3
The term 'eletromagneti' here should be understood with aution, in fat as a matter of onvention.
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2. Speial transformations of the wave funtion
In Se. 2 we are going to give speial attention to the question of the harge-symmetry. At this, for
simpliity, instead of Da = ∂a − igAa) we will write the operator ∂a, but remembering that everything
onerns the harged partile as well (with taking g into −g at C-onjugation).
Let us turn to eqs. (1.8) and write down omplex-onjugate ones:
∂aC∗a −mC
∗ = 0 ,
d∗ ∂aΦ∗ba −mC
∗
b = 0,
∓d ∂bC
∗ + ∂aΦ∗ba −mΦ
∗
b = 0 ,
∂aΦ
∗
b − ∂bΦ
∗
a −mΦ
∗
ab = 0 . (2.1)
Defining C-onjugate wave funtions aording to
(d/d∗)C∗ = C(c) , (d/d∗)C∗a = C
(c)
a ,
Φ∗a = Φ
(c)
a , Φ
∗
ab = Φ
(c)
ab , (2.2)
eqs. (2.1) an be rewritten as
∂aC(c)a −mC
(c) = 0 , d ∂aΦ
(c)
ba −mC
(c)
b = 0,
∓d∗ ∂bC
(c) + ∂aΦ
(c)
ba −mΦ
(c)
b = 0 ,
∂aΦ
(c)
b − ∂bΦ
(c)
a −mΦ
(c)
ab = 0 ,
whih exatly oinides with eqs. (1.8). Therefore eqs. (1.8) are C-invariant and C-onjugation matrix
has the form
Ψc = C Ψ∗ , C =


(d/d∗) 0 0 0
0 (d/d∗)I4 0 0
0 0 I4 0
0 0 0 I6

 . (2.3)
Now, let us show that there exists a basis in whih S-operation has a simpler form. To this end,
turning again to eqs. (1.8), let us separate out phase fators from d and d∗: d =⇒ d0e
it , d∗ =⇒ d0e
−it .
Then eqs. (1.8) will read as
∂aCa −mC = 0 ,
d0e
+it ∂aΦba −mCb = 0 ,
∓d0e
−it ∂bC + ∂
aΦba −mΦb = 0 ,
∂aΦb − ∂bΦa −mΦab = 0 . (2.4)
Now, defining new fields
e−itC(x) =⇒ C(x) , e−itCa(x) =⇒ Ca(x) , (2.5)
we take eqs. (2.4) into
∂aCa −mC = 0 ,
d0 ∂
aΦba −mCb = 0 ,
∓d0 ∂bC + ∂
aΦba −mΦb = 0 ,
∂aΦb − ∂bΦa −mΦab = 0 , (2.6)
here d0 is a real-valued quantity.
Matrix form of eqs. (2.6) is
∂a


0 gak 0 0
0 0 0 −d0g
abδmnbl
∓d0δ
a
l 0 0 −g
abδmnbl
0 0 δakbl 0




C
Ck
Φk
Φmn

 = m


C
Cl
Φl
Φbl

 . (2.7)
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Evidently, in this basis C-operation is redued to the omplex onjugation only:
Ψc(x) = Ψ∗(x) . (2.8)
Else one transformation upon Ψ is to be done:
d−10 C(x) =⇒ C
′(x) , d−10 Ca(x) =⇒ C
′
a(x) , (2.9)
then eqs. (2.6) read as
∂aCa −mC = 0 ,
∂aΦba −mCb = 0,
∓d20 ∂bC + ∂
aΦba −mΦb = 0 ,
∂aΦb − ∂bΦa −mΦab = 0 . (2.10)
In the following this d20 will be designated as σ. Also it is quite understandable that existene of two
possibilities in eqs. (2.10), assoiated with two signs±, an be desribed as different in sign quantities σ. In
other words, these signs ± at σ an be omitted. It should be mentioned that σ-parameter is dimensionless
whereas all the omponent of Ψ have dimension (l = cm: [C] = [Ca] = [Φa] = [Φab] = l
−3/2
.
Matrix form of eqs. (2.10) is as follows
∂a


0 gak 0 0
0 0 0 −gabδmnbl
σδal 0 0 −g
abδmnbl
0 0 δakbl 0




C
Ck
Φk
Φmn

 = m


C
Cl
Φl
Φbl

 . (2.12)
In massless limit, instead of (2.11) we will have
∂aCa − C = 0 ,
∂aΦba − Cb = 0 ,
σ ∂bC + ∂
aΦba = 0 ,
∂aΦb − ∂bΦa − Φab = 0 . (2.13)
To avoid misunderstanding it should be noted that thought the same symbol σ is used both in
(2.11) and (2.13) but this symbol stands for quite different harateristis. In massless ase σ must have
dimension of squared length.
3. Invariant bilinear form
Let us onsider the question about expliit expression of invariant bilinear form matrix in this theory. In
the work with the equation (see (2.12))
(Γa∂a −m) Ψ = 0 (3.1)
we will employ the blok struture of the Γa-s
Γa =


0 Ga 0 0
0 0 0 Ka
σ∆a 0 0 Ka
0 0 Λa 0

 , (3.2a)
where
(Ka) mnl = (−g
amδnl + g
anδmn ) ,
(Λa) kbl = δ
ak
bl ,
(Ga) k(0) = g
ab ,
(∆a)
(0)
l = δ
a
l . (3.2b)
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As known, required matrix η of invariant form is determined by the relation [12℄
η−1(Γa)+η = −Γa . (3.3)
If the η is found, then Ψ¯ = Ψ+η will obey
Ψ¯ (Γa
←
∂ a +m) = 0 . (3.4)
Allowing for (3.1) and (3.4), one an straightforwardly obtain this onventional expression for a urrent
onserved:
Ja = Ψ¯ΓaΨ , ∂aJ
a = 0 . (3.4)
By definition, a Lorentz invariant is to be onstruted with the use of η aording to formula Ψ+ηΨ.
Its most general struture is as follows
Ψ+ηΨ = r1 C
∗C + r2 C
∗
aC
a + r3 C
∗
aΦ
a + r4 Φ
∗
aC
a + r5 Φ
∗
aΦ
a +
1
2
r6 Φ
∗
abΦab ,
and hene η an be as
η =


R1 0 0 0
0 R2 R3 0
0 R4 R5 0
0 0 0 R6

 =


r1 0 0 0
0 r2g
ab r3g
ab 0
0 r4g
ab r5g
ab 0
0 0 0 r6H
mn,ab

 . (3.5)
Here Hmn,ab = (gmagnb − gmbgna) . Taking into aount representation of Γa, (Γa)+ and η in terms of
blok-matries, from eq. (3.3) rewritten as Γa+η + ηΓa = 0 , we readily get to the set of relations
σ∆˜aR4 +R1G
a = 0 , R5 = 0 ,
G˜aR1 + σR3∆
a , R2 +R3 = 0 ,
R5 = 0 , Λ˜
aR6 +R4K
a = 0 ,
R2 +R4 = 0 , K˜
aR3 +R6Λ
a = 0 . (3.6a)
In (3.6) one an distinguish ouples of equations transformed into eah other on matrix transposing;
therefore eah ouple provides us with a single equation. Allowing for formulas (3.2), from eqs. (3.6) it
follows
r1 = + σ r2 , r3 = − r2 , r4 = − r2 , r5 = 0 , r6 = − r2 . (3.6b)
Thus, in the used basis η-matrix is given by
η = const


+ σ 0 0 0
0 +gab −gab 0
0 −gab 0 0
0 0 0 −Hmn,ab

 . (3.7)
The relevant feature of η-matrix is that the invariant-form matrix has turned out to be of non-diagonal
struture.
But this property does not hold in all other possible bases. For instane, let us show that in a
representation assoiated with eqs. (1.1) the η-matrix will have a ommon diagonal form. Atually, being
linked up to eqs. (1.8), the Γa-s are
Γa =


0 λ1G
a λ2G
a 0
−νλ∗1∆
a 0 0 λ3K
a
+νλ∗2∆
a 0 0 λ4K
a
0 λ∗3Λ
a −λ∗4Λ
a 0

 , (3.8)
here the same notation for blok-matries Ga,∆a,Ka,Λa as in (3.2b) η has been used. In ontrast to the
above, here an appropriate substitution for η-matrix happens to be of typial diagonal form
η =


C1 0 0 0
0 C2 0 0
0 0 C3 0
0 0 0 C4

 =


c1 0 0 0
0 c2g
ab 0 0
0 0 c3g
ab 0
0 0 0 c4H
ab,mn

 . (3.9)
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Correspondingly, the relation (Γa)+η + ηΓa = 0 yields
−ν∆˜aC2 + C1G
a = 0 , ν∆˜aC3 + C1G
a = 0 ,
G˜aC1 − νC2∆
a , Λ˜aC4 + C2K
a ,
G˜aC1 + νC3∆
a = 0 , −Λ˜aC4 + C3K
a = 0 ,
K˜aC2 + C4Λ
a = 0 , K˜aC3 − C4Λ
a = 0 ,
from whih one an easily derive
c2 = +c1ν , c3 = −c1ν , c4 = +c1ν .
Therefore, we have got to
η = c


−ν 0 0 0
0 −gab 0 0
0 0 +gab 0
0 0 0 −Hab,mn

 . (3.10)
One an give else one (additional) treatment of the matter: namely, to follow how the expression for
η in the final basis (3.7) might be alulated on translating that of the initial η aording to (3.10). The
rule for transforming an invariant-form matrix at hanging bases in Ψ-spae an be derived quite easily.
From relations defining η:
Ψ¯ = Ψ+η , η−1Γa+η = −Γa ,
will immediately follow analogous ones for defining η′
Ψ¯′ = Ψ
′+η′ , (η′)−1Γ
′a+η′ = −Γ
′a ,
if the following relationships
η′ = (S+)−1η S−1 , or η = (S+) η′ S . (3.11)
hold.
With the use of eq. (3.11) let us transform the η-matrix (3.10) to a new basis. At this it will be
onvenient to take in mind the following sheme (see. Se 2)
λi
S1=⇒ {d, d∗}
S2=⇒ {| d |, | d |}
S3=⇒ {σ =| d |2}
Ψ, η Ψ′, η′ Ψ′′, η′′ Ψ′′′, η′′′
First, let us perform the transformation Ψ′ = S1Ψ . It will be more onvenient to employ the formula
S+1 η
′ S1 = η , where
S1 =


1 0 0 0
0 λ1 λ2 0
0 λ∗3 −λ
∗
4 0
0 0 0 I6

 , S+1 =


1 0 0 0
0 λ∗1 λ3 0
0 λ∗2 −λ4 0
0 0 0 I6

 . (3.12)
Thus, allowing for the substitution for η′
η′ =


R1 0 0 0
0 R2 R3 0
0 R4 R5 0
0 0 0 R6

 ,
with the use of the relations S+1 η
′ S1 = η and (see. (3.10)) r1 = −cν ,R6 = c H , one an derive the
following
(λ∗1R2 + λ3R4) λ1 + (λ
∗
1R3 + λ3R5) λ
∗
3 = −c ,
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(λ∗1R2 + λ3R4) λ2 − (λ
∗
1R3 + λ3R5) λ
∗
4 = 0 ,
(λ∗2R2 − λ4R4) λ1 + (λ
∗
2R3 − λ4R5) λ
∗
3 = 0 ,
(λ∗2R2 − λ4R4) λ2 − (λ
∗
2R3 − λ4R5) λ
∗
4 = +c . (3.13)
With the notation
λ∗1r2 + λ3r4 = A
λ∗2r2 − λ4r4 = a
,
λ∗1r3 + λ3r5 = B
λ∗2r3 − λ4r5 = b
(3.14)
the system (3.13) reads as
{
Aλ1 +Bλ
∗
3 = −c
Aλ2 −Bλ
∗
4 = 0
,
{
aλ1 + bλ
∗
3 = 0
aλ2 − bλ
∗
4 = +c
. (3.15)
From (3.15) it follows
A = −
λ∗4
λ1λ∗4 + λ2λ
∗
3
c , B = −
λ2
λ1λ∗4 + λ2λ
∗
3
c ,
a = +
λ∗3
λ1λ∗4 + λ2λ
∗
3
c , b = −
λ1
λ1λ∗4 + λ2λ
∗
3
c ,
In turn, from (3.14) we obtain
r2 =
Aλ4 + aλ3
λ∗1λ4 + λ
∗
2λ3
, r4 =
Aλ∗2 − aλ
∗
1
λ∗1λ4 + λ
∗
2λ3
,
r3 =
Bλ4 + bλ3
λ∗1λ4 + λ
∗
2λ3
, r5 =
Bλ∗2 − bλ
∗
1
λ∗1λ4 + λ
∗
2λ3
.
From this, aounting for the above expressions for A,B, a, b, we get to
r2 =
+c
DD∗
, r4 =
−c
DD∗
d∗ , r3 =
−c
DD∗
d , r5 = 0 , (3.16)
where D = λ∗1λ4 + λ
∗
2λ3. With λ1λ
∗
1 = λ2λ
∗
2, the expression for D an be rewritten as
D = λ∗1λ4 + λ
∗
2λ3 = λ
∗
1(λ4 +
λ∗2
λ∗1
λ3) = λ
∗
1(λ4 +
λ1
λ2
λ3) =
λ1
λ2
d ;
and orrespondingly the equality
D D∗ =
λ1
λ2
d
λ∗1
λ∗2
d∗ = d d∗
holds. Therefore, we have arrived at the result:
r1 = −cν , r6 = +c , r2 = +
1
d∗d
c , r3 = −
1
d∗
c , r4 = −
1
d
c , r5 = 0 , (3.17a)
that is
η′ = c


−ν 0 0 0
0 (dd∗)−1gab −(d∗)−1gab 0
0 −d−1gab 0 0
0 0 0 +Hab,mn

 . (3.17b)
Now let us perform else one transformation
Ψ′′ = S2Ψ
′ , S2 =


e−it 0 0 0
0 e−itI4 0 0
0 0 I4 0
0 0 0 I6

 . (3.18a)
Correspondingly for η′′ we will have
η′′ = c


−ν 0 0 0
0 d−20 g
ab −d−10 g
ab 0
0 −d−10 g
ab 0 0
0 0 0 +Hab,mn

 . (3.18b)
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And finally, third step:
C′′′ = d−10 C
′′ , C′′′a = d
−1
0 ΦaC
′′
a ,
Φ′′′a = Φ
′′
a , Φ
′′′
ab = Φ
′′
ab , (3.19a)
and further
η′′′ = c


−νd20 0 0 0
0 +gab −gab 0
0 −gab 0 0
0 0 0 −Hab,mn

 . (3.19b)
The η′′′ will oinide with (3.7), if the relation −ν0d
2 = σ is taken into aount.
With the use of the expression (3.7) for η, the urrent (3.5) an be brought to a tensor form:
Ψ+ηΓaΨ = const Ψ+


+ σ 0 0 0
0 +g.. −g.. 0
0 −g.. 0 0
0 0 0 −H ..,..

ΓaΨ ,
and further
Ja = const { +σ (C∗Ca − CC∗a)− (Φ∗alΦl − Φ
alΦ∗l )} . (3.20)
Sine, in free ase, the salar omponent C(x) vanishes (see (1.10)), the urrent (3.20) will oinide with
the ordinary expression for a vetor partile urrent. However, in presene of external eletromagneti
fields, the urrent of generalized theory ontains a non-zero additional term proportional to the σ-fator
(see (3.20)).
Lagrangian of the theory an be written down straightforwardly in a matrix form
L = +
1
2
Ψ¯(Γa
→
∂ a −m)Ψ−
1
2
Ψ¯(Γa
←
∂ a +m)Ψ (3.21)
with Euler-Lagrange equations as follows
∂L
∂Ψ¯
− ∂a
∂
∂Ψ¯,a
= 0 ,
∂L
∂Ψ
− ∂a
∂
∂Ψ,a
= 0
having expliit forms (3.4) and (3.1) respetively. Tensor representation of the Lagrangian (3.21) in basis
(2.10) will follows immediately by taking into aount the above blok struture of all the quantities
involved. At this it is useful to have fixed some intermediate steps. Having employed the notation
[ C(x), Cl(x),Φl(x),Φkl(x) ] = (Φ, C,A, F ) . (3.22)
we have
Ψ¯Ψ = [ σ Φ∗Φ+ C∗gC − (A∗gC + C∗gA)− F ∗HF ] ,
Ψ¯Γa
→
∂ a Ψ =
= [ σ (−C∗g∆a∂aΦ+ Φ
∗Ga∂aC)− F
∗HΛa∂aA−A
∗gKa∂aF ] ,
Ψ¯Γa
←
∂ a Ψ =
= [ σ (−C∗g∆a
←
∂ a Φ + Φ
∗Ga
←
∂ a C)− F∗HΛ
a
←
∂ a A−A
∗gKa
←
∂ a F ] , (3.23a)
and further
Ψ¯Ψ = [ σ C∗C + C∗l C
l − (Φ∗lC
l +ΦlC
∗l)−
1
2
Φ∗klΦ
kl ] ,
Ψ¯Γa
→
∂ a Ψ = [ +σ(−C
∗l∂lC + C
∗∂lC
l)− Φ∗lk∂lΦk − Φ
∗
l ∂kΦ
lk ] ,
Ψ¯Γa
←
∂ a Ψ =
= [ +σ(−C∗l
←
∂ l C + C
∗
←
∂ l C
l)− Φ∗lk
←
∂ l Φk − Φ
∗
l
←
∂ k Φ
lk ] , (3.23b)
Therefore, the Lagrangian (3.21) reads expliitly as
L =
1
2
[ −σ ( C∗l ∂lC + C
l ∂lC
∗) + σ (C∗ ∂lC
l + C ∂lC
∗l ) −
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−( Φ∗lk ∂lΦk +Φ
lk ∂lΦ
∗
k )− ( Φ
∗
l ∂kΦ
lk +Φl∂kΦ
∗lk ) ] −
−m [ σ C∗C + C∗l C
l − (Φ∗l C
l +ΦlC
∗l)−
1
2
Φ∗klΦ
kl ] . (3.24)
One important feature of this representation (3.24) for L is worth to be should noted speially. The
matter is that sine in free ase two relationships
C(x) = 0 , Cl(x) = +Φl(x) (3.25)
hold, then the Lagrangian (3.24) redues to the onventional Lagrangian for ordinary vetor partile
L0 =
1
2
[ −( Φ∗lk ∂lΦk +Φ
lk ∂lΦ
∗
k )− ( Φ
∗
l ∂kΦ
lk +Φl∂kΦ
∗lk ) ]−
− m [ ΦlΦ
∗l −
1
2
Φ∗klΦ
kl ] , (3.26)
To prevent a possible misunderstanding else one thing must be pointed out: going from L (3.24) to L0
(3.26) is realized only in the manner just desribed but by no means through simple imposing σ = 0
ondition.
And finally, to else one fat should be given a speial attention. Beause of a non-diagonal struture
of the invariant-form matrix η in the basis used, the Ψ¯-funtion onjugated has the following expliit
form
Ψ¯(x) = [ σ C∗, (C∗l − Φ∗l),−C∗l,−Φ∗kl ] , (3.27)
seond and third equations in (2.11) an be found on variation of Lagrangian (3.24) with respet to
(C∗l − Φ∗l) and (−C∗l) respetively.
Going from the Lagrangian (3.21) to a massless ase is ahieved by a single formal hange
m ( Ψ¯ Ψ ) =⇒ Ψ¯PΨ , P =


1 0 0 0
0 I 0 0
0 0 0 0
0 0 0 I

 , (3.28a)
from whih it follows (see (3.26))
−m [ σ C∗C + C∗l C
l − (Φ∗lC
l +ΦlC
∗l)−
1
2
Φ∗klΦ
kl ] =⇒
− [ σ C∗C + C∗l C
l −
1
2
Φ∗klΦ
kl ] . (3.28b)
4. On C-onjugation
As it was shown above, the C-operation for the generalized field is desribed as a pure omplex onjugation
(without any aompanying linear transformation over Ψ-funtion) in the basis (2.6). Now we are going
to see how will look C-operation in the initial basis (1.1). It will be useful to onsider this question in
two different ways: first, solving a defining relation for this operation in the basis (1.1), and alternatively
on diret translating the known C-form in basis (2.6) into initial one.
Let C-matrix in a Ψ(x)-basis be known; in other words, the following relationships
(Γa∂a −M)Ψ(x) = 0 , (Γ
a∂a −M)Ψ
c(x) = 0 ,
Ψc(x) = C Ψ∗(x) , C(Γa)∗C−1 = +Γa (4.1)
hold. Now, let Ψ′(x) be assoiated with any new basis
Ψ′(x) = S Ψ(x) , Γ
′a = SΓaS−1 , (4.2a)
then
C′ (Γ
′a)∗ (C′)−1 = +Γ
′a (4.2b)
and further
S−1C′S∗ (Γa)∗ S−1(C′)−1S = +Γa =⇒ S−1C′S∗ = C .
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Thus, a rule for transforming C-matrix is
C′ = S C (S∗)−1 . (4.2c)
Now, let us follow up in some detail how, having started from Ψ′′′-basis (when C′′′ = I, see (2.6)),
one an reonstrut C-operation in Ψ′′-representation:
Ψ′′ =


d0 0 0 0
0 d0 0 0
0 0 I 0
0 0 0 I

Ψ′′′ =⇒ C′′ = I . (4.3)
Next step is
Ψ′ =


e+it 0 0 0
0 e+it 0 0
0 0 I 0
0 0 0 I

Ψ′′ =⇒ C′ =


(d/d∗) 0 0 0
0 (d/d∗) 0 0
0 0 I 0
0 0 0 I

 . (4.4)
And last step is
Ψ =

 1 λ
∗
4/D
∗ λ2/D
∗ 0
0 λ∗3/D
∗ −λ1/D
∗ 0
0 0 0 I

Ψ′ =⇒
C =


d/d∗ 0 0 0
0 [λ∗1λ
∗
4 d+ λ2λ3 d
∗]/d∗D∗ [λ∗2λ
∗
4 d− λ2λ4 d
∗]/d∗D∗ 0
0 [λ∗1λ
∗
3 d− λ1λ3 d
∗]/d∗D∗ [λ∗2λ
∗
3 d+ λ1λ4 d
∗]/d∗D∗ 0
0 0 0 I

 . (4.5)
It should be noted that the entral two-by-two blok is quite symmetri one:
(λ∗2λ
∗
4 d− λ2λ4 d
∗) = (λ1λ
∗
2λ3λ
∗
4 − λ
∗
1λ2λ
∗
3λ4) ,
(λ∗1λ
∗
3 d− λ1λ3 d
∗) = −(λ1λ
∗
2λ3λ
∗
4 − λ
∗
1λ2λ
∗
3λ4) . (4.6)
Now let us apply else one method for establishing the same C-matrix: via a diret analysis of the
defining relation
C(Γa)∗C−1 = +Γa =⇒ C (Γa)∗ = Γa C . (4.7a)
Taking C in the form (see (4.3))
C =


P1 0 0 0
0 P2 P3 0
0 P4 P5 0
0 0 0 P6

 ,
where P1 is a number, P2, P3, P4, P5 and P6 are proportional to a four-by-four and a six-by-six identity
matries respetively, we will have
λ∗1 P1 = λ1 P
∗
2 + λ2 P
∗
4
λ3 P6 = λ
∗
3 P
∗
2 − λ
∗
4 P
∗
4
,
λ∗2 P1 = λ1 P
∗
3 + λ2 P
∗
5
−λ4 P6 = λ
∗
3 P
∗
3 − λ
∗
4 P
∗
5
, (4.8a)
−λ∗1 P
∗
1 = −λ1 P2 + λ2 P3
λ3 P
∗
6 = λ
∗
3 P2 + λ
∗
4 P3
,
λ∗2 P
∗
1 = −λ1 P4 + λ2 P5
λ4 P
∗
6 = λ
∗
3 P4 + λ
∗
4 P5 .
. (4.8b)
One an simplify the task by taking yet known forms for P1 and P6: P1 = d/d
∗, P6 = 1. Then eqs. (4.8b)
lead to
λ∗1
d
d∗ = λ1 P
∗
2 + λ2 P
∗
4
λ3 = λ
∗
3 P
∗
2 − λ
∗
4 P
∗
4
,
λ∗2
d
d∗ = λ1 P
∗
3 + λ2 P
∗
5
−λ4 = λ
∗
3 P
∗
3 − λ
∗
4 P
∗
5
, (4.9)
−λ∗1
d∗
d = −λ1 P2 + λ2 P3
λ3 = λ
∗
3 P2 + λ
∗
4 P3
,
λ∗2
d∗
d = −λ1 P4 + λ2 P5
λ4 = λ
∗
3 P4 + λ
∗
4 P5
(4.10)
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and their solution follows quite straightforwardly
P2 =
d∗ λ2λ3 + d λ
∗
1λ
∗
4
(λ1λ∗4 + λ2λ
∗
3)d
∗
, P3 =
λ1λ
∗
2λ3λ
∗
4 − λ
∗
1λ2λ
∗
3λ4
(λ1λ∗4 + λ2λ
∗
3)d
∗
, (4.11a)
P5 =
d λ∗2λ
∗
3 + d
∗ λ∗qλ4
(λ1λ∗4 + λ2λ
∗
3)d
∗
, P4 =
λ∗1λ2λ
∗
3λ4 − λ1λ
∗
2λ3λ
∗
4
(λ1λ∗4 + λ2λ
∗
3)d
∗
, (4.11b)
what oinides with (4.5).
As known, a knowledge of the C-matrix provides us with a possibility to reonstrut an anti-partile's
wave funtions in terms of those of partiles. Also, it enables us to isolate hargeless states Ψ± from
harged ones Ψ:
Ψc = C∗Ψ = CΨ∗ , Ψ± =
1
2
(Ψ±Ψc) , C∗Ψ± = (±1)Ψ± . (4.12a)
Let us remember that the U(1)-gauge invariant derivative (∂a− ieAa) neessarily mixes up together Ψ
+
and Ψ− onstituents. Really, ombining two equations
[ Γa(∂a − ieAa)−m ] Ψ = 0 , [ Γ
a(∂a + ieAa)−m ] Ψ
c = 0 ,
one an readily produe
Γa(∂aΨ
± − igAaΨ
∓)−mΨ± = 0 . (4.12b)
5. Equations in a Riemannian spae-time, tensor-based approah
Setion 5 deals with equations for the spin 1 partile adjusted to the general relativity requirements. We
are going to star with general ovariant tensor formalism; later, in Se. 7, an alternative approah, based
on the tetrad
4
method by Tetrode-Weyl-Fok-Ivanenko [46-80℄, will be developed in full detail. Suh
a study ould dislose how the additional σ-harateristi an exhibit itself at the bakground of non-
Euklidean geometry. Besides, the generally ovariant formalism will enables us to hek orretness of
the above determined massless limit of the theory: reminding that massless partile's ovariant equations
are assumed to be onformally invariant.
On taking a simple formal hange of Cartesian derivatives and tensors into ovariant ones
∂b =⇒ ∇β , Cb(x) =⇒ Cβ(x) , Φb(x) =⇒ Φβ(x) , Φab(x) =⇒ Φαβ(x)
eqs. (2.6) take on the form
∇αCα −mC = 0 , ∇
αΦβα −mCβ = 0 ,
σ ∇βC +∇
αΦβα −mΦβ = 0 ,
∇αΦβ −∇βΦα −mΦαβ = 0 . (5.1)
Obviously, in presene of external eletromagneti fields, with the notation ∇α =⇒ Dα = ∇α− igAa(x) ,
instead of (5.1) we will have
DαCα −mC = 0 , D
αΦβα −mCβ = 0 ,
σ DβC +D
αΦβα −mΦβ = 0 ,
DαΦβ −DβΦα −mΦαβ = 0 . (5.2)
Let us exlude the field C from third equation in (5.2). To this end, one an produe
DαCα =
1
m
DαDβΦαβ , D
αDβΦαβ = ∇
α∇βΦαβ − ig
1
2
FαβΦαβ ,
where Fαβ = (∇αAβ −∇βAα), and further
∇α∇βΦαβ =
1
2
(∇α∇β −∇β∇α)Φαβ =
4
Below, both terms, tetrad and vierbein, will be used interhangeably.
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=
1
2
[ Φνα(x)R
ν βα
β (x) + Φβν(x)R
ν βα
α (x) ] =
1
2
[ Φνα(x)R
να(x) + Φνβ(x)R
νβ(x) ] .
Now, remembering symmetry of the Rii tensor Rαβ(x), we arrive at
DαCα = +i
g
m
1
2
FαβΦαβ .
Sine, first equation in (5.2) yields
C = −i
g
m2
1
2
FαβΦαβ . (5.3)
Therefore, the main equations in (5.2) read as
DαCα −mC = 0 , D
αΦβα −mCβ = 0,
−iσ
g
m2
Dρ (
1
2
FαβΦαβ) +D
αΦρα −mΦρ = 0 ,
DαΦβ −DβΦα −mΦαβ = 0 . (5.4)
In absene external eletromagneti fields, the term proportional to σ vanishes. This means that σ-
harateristis manifests itself physially only in eletromagneti fields but not in gravitational ones.
Now, let us onsider a generally ovariant massless equations. They are to be as follows
∇αCα − C = 0 , ∇
αΦβα − Cβ = 0 ,
σ ∇βC +∇
αΦβα = 0 , ∇αΦβ −∇βΦα − Φαβ = 0 . (5.5)
As in the flat spae-time, here we have
C = 0 , Cβ = 0,
∇αΦβα = 0 , ∇αΦβ −∇βΦα − Φαβ = 0 . (5.6)
Thus, eqs. (5.6) happen to be absolutely equivalent to ordinary generally ovariant Proa massless
equations.
Repeating all arguments after formula (1.18) from Se. 1, for a generally ovariant massless partile
in an external vetor field, we will get
Cβ = D
αΦαβ , C = −ig
1
2
FαβΦαβ ,
−i σg Dρ(
1
2
FαβΦαβ) +D
αΦρα = 0 ,
DαΦβ −DβΦα − Φαβ = 0 . (5.7)
6. Covariant tetrad-based formalism
We start with the matrix equation in the Minkowski spae-time (2.12)
( Γa ∂a − m ) Ψ(x) = 0 , (6.1a)
Ψ = (C,Ca,Φa, Φab), Γ
a =


0 Ga 0 0
0 0 0 Ka
σ∆a 0 0 Ka
0 0 Λa 0

 , (6.1b)
(Ka) mnl = (−g
amδnl + g
anδmn ) ,
(Λa) kbl = δ
ak
bl , (G
a) k(0) = g
ab , (∆a)
(0)
l = δ
a
l . (6.1c)
In aordane with the known proedure by Tetrode-Weyl-Fok-Ivanenko, eq. (6.1) is extended to a
urved spae-time with a metri tensor gαβ(x) and an aompanying tetrad e
α
(a)(x) as follows
[ Γα(x) (∂α + Bα(x)) −m ] Ψ(x) = 0 , (6.2)
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where
Γα(x) = Γaeα(a)(x) , Bα(x) =
1
2
Jabeβ(a)∇α(e(b)β) .
Here Jab designate generators of the Lorentz group representation (see below formulas (6.6)) assoiated
with the set (C,Ck,Φk,Φkl).
The equation (6.2) involves the objet eα(a)(x). Therefore, similar to the ase of muh more familiar
spin 1/2 partile, there must exist possibility that any suh equations assoiated respetively with eα(a)(x)
and e
′α
(a)(x) were translated into eah other; otherwise eq. (6.2) is inorret.
Let us show that if two tetrads are onneted by a Lorentz operator L:
eα(a)(x) =⇒ e
′α
(b)(x) = L
b
a (x) e
α
(b)(x) , (6.3a)
the respetive two equations
[ Γα(x)(∂α +Bα(x)) − m ] Ψ(x) = 0 ,
[ Γ′α(x)(∂α +B
′
α(x))−m ] Ψ
′(x) = 0 (6.3b)
an be set into eah other by means of a Lorentz gauge transformation
Ψ′(x) = S(x) Ψ(x) ,


C′(x)
C′k(x)
Φ′k(x)
Φ′kl(x)

 =


1 0 0 0
0 L lk 0 0
0 0 L lk 0
0 0 0 L mk L
n
l




C(x)
Cl(x)
Φl(x)
Φmn(x)

 . (6.3c)
It is useful time to dwell upon some peuliarities of the formalism. The form of the 15 × 15-gauge
transformation (6.3) by no means takes into onsideration antisymmetry of the tensor Φkl. If suh a
symmetry is allowed for, then the Lorentz operator an be rewritten in a modified form
Φ′kl(x) = L
m
k L
n
l Φmn =
1
2
(L mk L
n
l − L
m
l L
n
k ) Φmn . (6.4a)
This formula (6.4a) has some advantage in the ontext of the matrix formalism, in view of presene of
the tensor Φmn just as a 6-dimension objet (Φ01,Φ02,Φ03,Φ23,Φ31,Φ12). At this the 6-vetor transforms
by means of the operator
S6⊗6 = S
mn
kl = (L
m
k L
n
l − L
m
l L
n
k ) , S6⊗6 = L[. ⊗ L.] . (6.4b)
The property noted plays a role and for orresponding generators. Let V ab and (V ⊗ V )ab designate
respetively vetor and tensor generators:
Φ′s = (δ
p
s +
1
2
δωab (V
ab) ps )Φp , (V
ab) ps = −g
apδbs + g
bpδas , (6.5a)
Φ′mn = ((δ
s
m +
1
2
δωab (V
ab) sm )(δ
p
n +
1
2
δωab (V
ab) pn )Φsp =
= δsmδ
p
n +
1
2
δωab [(V ⊗ V )
ab] spmn ]Φsp ,
where
[(V ⊗ V )ab] spmn = [(−g
asδbm + g
bsδam)δ
p
n + δ
s
m(−g
apδbn + g
bpδan) ] , (6.5b)
or
(V ⊗ V )ab = V ab ⊗ I + I ⊗ V ab .
Here the tensor generator does not take into onsideration any symmetry property of Φsp, otherwise we
will have
[V ab[ ] ]
sp
mn Φsp =
1
2
{ [(V ⊗ V )ab] spmn − [(V ⊗ V )
ab] psmn }Φsp =
=
1
2
{(−δasmng
bp + δapmng
bs)− (−δbsmng
ap + δbpmng
as)}Φsp . (6.5)
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Thus, there exist two usages of the generators Jabn and gauge transformation S:
Jab =


0 0 0 0
0 V ab 0 0
0 0 V ab 0
0 0 0 (V ⊗ V )ab

 , S =


1 0 0 0
0 L 0 0
0 0 L 0
0 0 0 L⊗ L

 , (6.6a)
or
Jab[] =


0 0 0 0
0 V ab 0 0
0 0 V ab 0
0 0 0 (V[ ])
ab

 , S[ ] =


1 0 0 0
0 L 0 0
0 0 L 0
0 0 0 L[. ⊗ L.]

 (6.6b)
Now, starting from an equation for Ψ-funtion, let us obtain an equation for Ψ′-funtion. We have
[
SΓαS−1
(
∂α + S Bα S
−1 + S∂αS
−1
)
− M
]
Ψ′ = 0 ,
and two relationships are to be proved
S Γα S−1 = Γ′α , (6.7a)
S Bα S
−1 + S ∂α S
−1 = B′α . (6.7b)
The first (6.7a) an be rewritten as
S Γa eα(a) S
−1 = Γb e′α(b) =⇒ S Γ
a S−1 = Γb L ab . (6.8a)
The last is a well-known ondition insuring the relativisti invariane property of the 15-omponent wave
equation being onsidered in the Minkowski spae. In bloks it reads
Ga L−1 = GbL ab , L ∆
a = ∆b L ab ,
L Ka(L−1 ⊗ L−1) = Kb L ab , (L⊗ L)Λ
a L−1 = Λb L ab . (6.8b)
One an hek these relations by a diret alulation with the use of the expliit form of all the bloks
Ga,∆a,Ka,∆a. The first one gives
(Ga) k(0) (L
−1) ck = (G
b) c(0)L
a
b =⇒ (L
−1)ac = Lca ,
whih oinides with the known pseudo orthogonality property of the Lorentz matrix. Seond one leads
to an identity
L lk (∆
a)
(0)
l = (∆
b)
(0)
k L
a
b =⇒ L
a
k = L
a
k ;
Third yields
L ld (K
a) mnl [(L
−1) sm (L
−1) pn ) = (K
b) spd L
a
b ,
what is equivalent to
δpd(L
−1)as − δsd(L
−1)ap = δpd L
sa − δsd L
pa .
And finally forth reads as
L cmL
d
n (Λ
a) kcd (L
−1) lk = Λ
b L ab
that is an identity
δlnL
a
m − δ
l
mL
a
n = δ
l
nL
a
m − δ
l
mL
a
n .
Now let us turn to eq. (6.7b) and onsider in some detail the term
S Bα S
−1 =
1
2
JabS−1 e β(a)(∇αe(b)β) . (6.9)
Expressing the vierbein e(b)β in terms of the primed e
′
(b)β , we get
S Bα S
−1 =
1
2
(S JabS−1) (L−1) ka e
′ β
(k) [ ∇α(L
−1) lb e(l)β ]
and further
S Bα S
−1 =
1
2
(S JabS−1)×
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×
[
(L−1) ka e
′ β
(k) [ (∂α(L
−1) lb ) e
′
(l)β + (L
−1) lb ∇αe
′
(l)β
]
=
=
1
2
(S JabS−1)
[
(L−1) ka (∂α(L
−1) lb ) e
′ β
(k) e
′
(l)β ] + (L
−1) ka (L
−1) lb e
′ β
(k) ∇αe
′
(l)β
]
.
So, one arrives at
S Bα S
−1 =
1
2
(S JabS−1) ×
×
[
(L−1) ka (∂α(L
−1) lb ) gkl + (L
−1) ka (L
−1) lb e
′ β
(k) ∇αe
′
(l)β
]
. (6.10)
Taking into aount the identity (its proof will be given below)
SJabS−1 = JmnL am L
b
n , (6.11)
from (6.10) one readily obtains
S Bα S
−1 =
1
2
JmnL bn ∂α(L
−1)bm +
1
2
Jkle
′ β
(k) ∇αe
′
(l)β =
=
1
2
JmnL bn ∂α(L
−1)bm +B
′
α . (6.12)
Now, on taking into onsideration (6.12), from (6.7b ) it follows
S∂αS
−1 +
1
2
JmnL bn ∂α(L
−1)bm = 0
whih an be rewritten as
S∂αS
−1 =
1
2
JmnLmb (∂αL
b
n ) . (6.13)
With the use of all bloks involved, the previous relation will read as
L∂βL
−1 =
1
2
V abLad∂βL
d
b , (6.14)
(L−1 ⊗ L−1)∂β(L
−1 ⊗ L−1) =
1
2
(V ⊗ V )abLad∂βL
d
b . (6.14b)
It suffies to prove only (6.14a), beause eq. (6.14b) is a straightforward result from that on using the
formula (V ⊗ V )ab = (V ab ⊗ I + I ⊗ V ab). Eq. (6.14a) yields
L ks ∂β(L
−1) pk =
1
2
(gapδbs − g
bpδas ) Lad∂βL
d
b ,
or
Lsd∂β(L
−1)dp =
1
2
[Lpd∂βLsd − Lsd∂βL
pd] .
Here a supplementary relation is needed, whih may be resulted in by differentiating the known pseudo-
orthogonality relation for L:
∂β [ LsdL
pd ] = (∂βLsd) L
pd + Lsd ∂βL
pd = 0 (6.15)
With the use of eq. (6.15) the previous one reads as identity. So, eq. (6.13) has been proved. .
Now, we are to return to eq. (6.11) used above. It is equivalent to
LV abL−1 = Vmn L am L
b
n , (6.16a)
(L⊗ L)(V ⊗ V )(L−1 ⊗ L−1) = (V ⊗ V )mn L am L
b
n . (6.16b)
Obviously, the seond is a simple onsequene of the first. In turn, the first one (6.16a) happens to be an
identity:
L(V ab) ps L
−1 = (V mn) ps L
a
m L
b
n =⇒
−L bk L
sa + L ak + L
a
k L
sb = −L bk L
sa + L ak + L
a
k L
sb .
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Thus, any two equations (6.3á) assoiated with two different tetrads are transforms of eah other.
This means that the gauge invariane priniple with respet to loal Lorentz group, in a manner like
more familiar ase of spin 1/2 partile, holds.
Else one fat should be mentioned. The wave equation under onsideration will look as orret one
in a generally relativisti ontext, if the 15-omponent wave funtion Ψ(x) is a salar with respet to
general oordinate transformations:
x′α = fα(xα) =⇒ Ψ′(x′) = Ψ(x) . (6.17)
Now let us show  how tensor equations disussed in Se. 5 are resulted in from the matrix one:
[ Γρ(x)(∂ +Bρ(x)) −m ] Ψ(x) = 0 . (6.18)
To this end, as a first step, let us take into onsideration the blok struture of all objets involved:
Γρ(x) = eρ(l)Γ
l =


0 Gρ 0 0
0 0 0 Kρ
σ∆ρ 0 0 Kρ
0 0 Λρ 0

 , Bρ(x) =


0 0 0 0
0 Vρ 0 0
0 0 Vρ 0
0 0 0 (V ⊗ V )ρ

 ,
Γρ(∂ρ +Bρ) =


0 Gρ[∂ρ + Vρ] 0 0
0 0 0 Kρ[∂ρ + (V ⊗ V )ρ]
σ∆ρ∂ρ 0 0 K
ρ[∂ρ + (V ⊗ V )ρ]
0 0 Λρ[∂ρ + Vρ] 0

 . (6.19)
Below it will onvenient to employ the notation
(Vρ)
k
l (x) =
1
2
(V ab) kl e
β
(a)∇ρe(b)β , (6.20)
[(V ⊗ V )ρ]
mn
ps (x) =
1
2
[(V ⊗ V )ab] mnps e
β
(a)∇ρe(b)β .
Then eq.(6.18) takes on the blok form
[ Gρ (∂ρ + Vρ)]
k
(0) Ck = mC ,
{Kρ [∂ρ + (V ⊗ V )ρ]}
mn
l Φmn = mCl ,
σ (∆ρ)
(0)
(l) ∂ρ C + { K
ρ [ ∂ρ + (V ⊗ V )ρ ] }
mn
l Φmn = mΦl ,
[ Λρ (∂ρ + Vρ)]
k
mn Φk = mΦmn . (6.21)
With the use of expliit form of the all blok-matries in (6.21) one an readily arrive at
e(k)α∂αCk + γ
kl
l Ck = mC ,
e(k)α∂αΦlk + γ
mn
l Φmn + γ
kd
d Φlk = mCl ,
σeα(l)∂αC + e
(k)α∂αΦlk + γ
mn
l Φmn + γ
kd
d Φlk = mΦl ,
eα(m)∂αΦn − e
α
(n)∂αΦm + (γ
k
mn − γ
k
nm)Φk = mΦmn . (6.22)
Here γabc designates the Rii rotation oeffiients
γabc(x) = −e(a)ρ;σe
ρ
(b)e
σ
(c) .
In turn, as ould be heked, eqs. (6.22) represent the following generally ovariant tensor equations (just
those introdued in Se. 5)
∇αCα −mC = 0 , ∇
αΦβα −mCβ = 0,
σ ∇βC +∇
αΦβα −mΦβ = 0 , ∇αΦβ −∇βΦα −mΦαβ = 0 , (6.23)
in the vierbein form. Connetion between generally ovariant and tetrad representatives of the wave
funtion is determined quite onventionally
Cα = e
(l)
α Cl ,Φα = e
(l)
α Φl , Φαβ = e
(m)
α e
(n)
α Φmn . (6.24)
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7. Bilinear invariants in a urved spae-time
This Setion deals with a generally ovariant equation for a Ψ¯-funtion onjugate to the Ψ and methods
for onstruting some bilinear invariants in terms of Ψ¯ and Ψ. A knowing of this matter will enable
us to produe automatially expressions for a Lagrangian and a onserved urrent (about the energy-
momentum tensor see Se. 9).
The basi requirement of an invariane matrix η is that a form Ψ+ηΨ be invariant under Lorentz
group transformations
Ψ+ηΨ = inv, Ψ′ = SΨ ,
whih neessitates
η = S+ηS =⇒ ηS−1 = S+η . (7.1a)
Being taken for an infinitesimal S, eq. (7.1a) reads
−η Jab = (Jab)+η ; (7.1b)
it is what we need. Now, starting from an equation for Ψ
[ Γα(∂α +Bα)−m ] Ψ = 0 , (7.2)
we are going to reonstrut that for Ψ¯ = Ψ+ η. From eq. (7.2) it follows
Ψ+ηη−1[ (
←
∂ α +B
+
α ) ηη
−1 (Γα)+ −m ] η = 0 ;
whih yields
η−1 [Γα(x)]+ η = −Γα(x) , η−1[Bα(x)]
+η = −Bα(x) , (7.3)
and further (ompare with (7.2))
Ψ¯ [ (
←
∂ α −Bα) Γ
α +M ] = 0 . (7.4)
Take notie on the sign 'minus' at the spinor onnetion Bα in (7.4). Now, multiplying eq. (7.2) from
the left by Ψ¯, and eq. (7.4)  from the right by Ψ, and adding results together, we get to
Ψ¯
←
∂ α Γ
αΨ + Ψ¯Γα
→
∂ α Ψ +
+ Ψ¯ (ΓαBα − BαΓ
α) Ψ = 0 . (7.5)
To proeed with an analysis of eq. (7.5), we need one auxiliary relation. To this end, let us turn again
to the used above formula SΓaS−1 = ΓbL ab and take it for an infinitesimal Lorentz transformation:
(1 +
1
2
δωmn J
mn) Γa (1 −
1
2
δωkl J
kl) = Γb [ δ ab +
1
2
δωkl(V
kl) ab ] ,
from where it follows
Jkl Γa − Γa Jkl = Γb (V kl) ab .
Taking into aount the generators V kl expliitly we will have the ommutation relation
JklΓa − ΓaJkl = Γkglk − Γlgka . (7.6)
Now, multiplying eq. (7.6) by an expression eρ(a)
1
2e
β
(k)∇σe(l)β we arrive at
ΓρBσ −BσΓ
ρ = ∇σΓ
ρ = Γρ;σ . (7.7)
Inluding (7.7) in (7.5), we ome to
Ψ¯
←
∂ α Γ
αΨ + Ψ¯Γα
→
∂ α Ψ + Ψ¯ (∇αΓ
α) Ψ = 0 ,
whih may be rewritten as a generally ovariant onserved urrent law:
∇αJ
α = 0 , Jα = Ψ¯ΓαΨ . (7.8a)
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The onserved urrent Jα(x) may be expressed in terms of generally ovariant tensor omponents
aording to (see (3.20); a numerial fator is omitted)
Jα = +σ ( C∗Cα − CC∗α) + ( Φ∗αβΦβ − Φ
αβΦ∗β ) . (7.8b)
For a while let us onentrate on ertain useful and auxiliary formulas and relationships. In the first
plae, one an notie that eq. (7.8) may be onsidered as another form for reading eq. (7.5). In other
words, the following equality
∇α(Ψ¯Γ
αΨ) = Ψ¯(
←
∂ α −Bα) Γ
αΨ + Ψ¯Γα (
→
∂ α +Bα)Ψ (7.9a)
holds. With the notation
(
→
∇α +Bα)Ψ =
→
Dα Ψ , Ψ¯(
←
∇α −Bα) = Ψ¯
←
Dα (7.9b)
eq. (7.9a) reads as
∇α(Ψ¯Γ
αΨ) = Ψ¯
←
Dα Γ
αΨ + Ψ¯Γα
→
Dα Ψ . (7.9c)
It is partiularly remarkable that the formula (7.9) provides us with a hint about a general rule for
ovariant ∇α differentiating any bilinear ombinations of Ψ and Ψ¯. As presribed by (7.9), instead of
the ation of ∇α one may at by
←
Dα and by
→
Dα from the right and from the left respetively, but not
observing a generally ovariant vetor harateristi of the matrix Γα(x) in the middle.
What is more, suh a rule will work always at any ompliated bilinear funtions. For instane, let
us onsider an expression
∇α[ Ψ¯Γρ(x)Γσ(x)Ξ ] .
In aordane with defining properties of the ovariant derivative we an proeed
∇α[ Ψ¯ΓρΓσΞ ] =
= (∂αΨ¯) Γ
ρΓσ Ξ + Ψ¯ Γρ;αΓ
σ Ξ + Ψ¯ ΓρΓσ;α Ξ + Ψ¯ Γ
ρΓσ (∂α Ξ) .
Hanging the ovariant derivatives of Γ- matries with ommutator as shown in (7.7), we obtain
∇α [ Ψ¯ΓρΓσΞ ] =
= (∂αΨ¯) Γ
ρΓσ Ξ+ Ψ¯ (ΓρBα −BαΓ
ρ)Γσ Ξ + Ψ¯ Γρ (ΓσBα −BαΓ
σ)Ξ + Ψ¯ΓρΓσ (∂αΞ) .
Two terms ontaining ΓρBαΓ
σ
anel eah other, and the remaining an be rewritten as
∇α ( Ψ¯ΓρΓσΞ ) = Ψ¯
←
Dα Γ
ρΓσΞ+ Ψ¯ΓρΓσ
→
Dα Ξ . (7.10a)
Eq. (7.10a) is equivalent to
∇α(Γ
ρΓσ) = −Bα Γ
ρΓσ + ΓρΓσ Bα . (7.10b)
An analogous formula for a bilinear ombination with any tensor struture follows immediately by
indution. Really, let Γ(n) be Γ(n) = Γρ1Γρ2 ...Γρn , then
∇αΓ
(n) = Γ(n)Bα −BαΓ
(n) ; (7.11a)
so that for Γ(n+1) = Γ(n)Γρ we an easily derive
∇αΓ
(n+1) = ∇α[Γ
(n)Γρ] = [∇αΓ
(n)]Γρ + Γ(n)[∇αΓ
ρ] =
= [Γ(n)Bα −BαΓ
(n)]Γρ + Γ(n)[ΓρBα −BαΓ
ρ] = Γ(n)ΓρBα −BαΓ
(n)Γρ ,
whih is what we need
∇αΓ
(n+1) = −BαΓ
(n+1) + Γ(n+1)Bα . (7.11b)
From formulas (7.11) one an produe the ommutation relations
Γ(n)
→
Dσ=
→
Dσ Γ
(n) , Γ(n)
←
Dσ=
←
Dσ Γ
(n) . (7.12)
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Now we are ready to write down a Lagrange funtion that yields eqs. (7.2) and (7.4). At this, two
formulas will be taken into aount (see 7.12)):
Γρ(∇σ +Bσ) = (∇σ +Bσ)Γ
ρ , Γρ(
←
∇σ −Bσ) = (
←
∇σ −Bσ)Γ
ρ , (7.13a)
or in a short form
Γρ
→
Dσ=
→
Dσ Γ
ρ , Γρ
←
Dσ=
←
Dσ Γ
ρ . (7.13b)
Bearing in mind that the basi equations for Ψ and Ψ¯ look as
[ Γα
→
Dα − )Ψ = 0 , (7.14a)
Ψ¯ ( Γα
←
Dα +m ) = 0 , (7.14b)
a generally ovariant Lagrangian for this system an be hosen in the form
L = +
1
2
[ Ψ¯Γρ
→
Dρ Ψ− Ψ¯Γ
ρ
←
Dρ Ψ ] − m Ψ¯Ψ . (7.15a)
In terms of tensor omponents, the L will take on the form
L =
1
2
[ −σ ( C∗α ∇αC + C
α ∇αC
∗) + σ (C∗ ∇αC
α + C ∇αC
∗α )+
+( Φ∗αβ ∇αΦβ +Φ
αβ ∇αΦ
∗
β ) + ( Φ
∗
α∇βΦ
αβ +Φα∇βΦ
∗αβ ) ]−
−m [ σ C∗C + C∗αC
α − (Φ∗αC
α +ΦαC
∗α) +
1
2
Φ∗αβΦ
αβ ] . (7.15b)
The limiting ase of a massless partile follows from (7.15) by a formal hange (similar to the flat
spae-time)
m ( Ψ¯ Ψ ) =⇒ Ψ¯PΨ , P =


1 0 0 0
0 I 0 0
0 0 0 0
0 0 0 I

 , (7.16a)
whih transforms the last term in (7.15b)
−m [ σ C∗C + C∗αC
α − (Φ∗αC
α +ΦαC
∗α) +
1
2
Φ∗αβΦ
αβ ] =⇒
− [ σ C∗C + C∗αC
α +
1
2
Φ∗αβΦ
αβ ] . (7.16b)
8. Massless equation and onformal invariane
Setion 8 deals with a property of onformal invariane as it looks for 15-omponent theory of massless
spin 1 partile. An original equation is
[ Γα (∂α + Bα) − P ] Ψ = 0 , (8.1)
projetive matrix P was defined by (7.16a). Let the metri tensors of two urved spae-time models differ
by a fator - funtion:
g˜αβ(x) = ϕ
2(x) gαβ(x) . (8.2)
Correspondingly, we are to use two vierbeins onneted with eah other by means of the same fator ϕ:
e˜α(a) = ϕ
−1eα(a) , e˜(a)α = ϕ e(a)α . (8.3)
For two sets of Christoffel symbols we have
Γ˜αβ,ρ =
1
2
[ ∂αg˜βρ + ∂β g˜αρ − ∂ρg˜αβ ] =
= ϕ2Γαβ,ρ + ϕ [(∂αϕ)gβρ + (∂βϕ)gαρ − (∂ρϕ)gαβ ] ,
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or, with the use of the representative Γ˜σαβ = g˜
σρΓαβ,ρ, in another form
Γ˜σαβ = Γ
σ
αβ +
1
ϕ
[(∂αϕ)δ
σ
β + (∂βϕ)δ
σ
α − g
σρ(∂ρϕ)gαβ ] . (8.4)
Let us ompare two sets of the Rii rotation oeffiients:
γ˜abc(x) = −[ ∂β e˜(a)α − Γ˜
ρ
βαe˜(a)ρ ] e˜
α
(b)e˜
β
(c) =
= −[ ∂α(ϕe(a)α)− Γ
ρ
βα ϕe(a)ρ−
−
1
ϕ
(
(∂βϕ)δ
ρ
α + (∂αϕ)δ
ρ
β − g
ρσ(∂σϕ)gβα
)
ϕe(a)ρ ]
1
ϕ2
eα(b)e
β
(c) .
and further
γ˜abc = −[ ϕ e(a)α;β −
∂ϕ
∂xα
e(a)β + e
σ
(a)
∂ϕ
∂xσ
gαβ ]
1
ϕ2
eα(b)e
β
(c) .
So, the formula we need is
γ˜abc =
1
ϕ
γabc +
1
ϕ2
(∂σϕ) [e
σ
(b)gac − e
σ
(a) gbc] . (8.5)
An equation (8.1) in a spae-time with the metri tensor g˜αβ(x) is
[ Γ˜α (∂α + B˜α) − P ] Ψ˜ = 0 , (8.6)
or
[ Γc (e˜α(c)∂α +
1
2
Jabγ˜abc)− P ]Ψ˜ = 0 . (8.7)
Substituting expressions for a new tetrad and new Rii oeffiients (tilded) in terms of old (not-tilded)
ones, we get to
[Γc(eσ(c)∂σ +
1
2
Jabγabc) +
1
2
ΓcJab [ (eσ(b)gac − e
σ
(a) gbc) (ϕ
−1∂σϕ)]Ψ˜ = ϕP Ψ˜ .
and further
[ Γσ(∂σ +Bσ) + ΓaJ
abeσ(b) (ϕ
−1∂σϕ)]Ψ˜ = ϕP Ψ˜ . (8.8)
With the use of blok-representations for all matries, onsider a ombination ΓaJ
ab
:
ΓaJ
ab =


0 GaV
ab 0 0
0 0 0 Ka(V ⊗ V )
ab
0 0 0 Ka(V ⊗ V )
ab
0 0 ΛaV
ab 0

 . (8.9)
Allowing for relations
(Ga)
l
(0)(V
ab) kl = +3g
bk , (Λa)
l
ps (V
ab) kl = δ
bk
ps ,
(Ka)
mn
l [(V ⊗ V )
ab] psmn = 2(−g
bpδsl + g
bsδpl ) ,
an expression for ΓaJ
ab
is led to
ΓaJ
ab =


0 +3gbk 0 0
0 0 0 2(−gbpδsl + g
bsδpl )
0 0 0 2(−gbpδsl + g
bsδpl )
0 0 δbkps 0

 . (8.10)
From this, with taking in mind eq. (2.12), we find
ΓaJ
ab =


0 3(Gb) k(0) 0 0
0 0 0 2(Kb) psl
0 0 0 2(Kb) psl
0 0 (Λb) kps 0

 = Γb


0 0 0 0
0 +3I 0 0
0 0 +I 0
0 0 0 +2I

 . (8.11a)
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In the end, we arrive at
ΓaJ
ab = Γb(+3P ′4 + P4 + 2P6) , (8.11b)
where a speial notation for projetive operators on 4-dimensional and 6-dimensional subspaes is used.
Hene, eq. (8.9) reads as
Γσ[ ∂σ +Bσ + (3P
′
4 + P4 + 2P6)(ϕ
−1∂σϕ) ] Ψ˜ = ϕP Ψ˜ . (8.12)
With the use of blok-forms of all matries involved in (8.12) and taking the notation
Ψ˜ = (Φ˜, C˜, A˜, F˜ ) , (8.13)
eq. (8.12) is shown to be equivalent to a set (ompare with (6.21))
Gα[∂α + Vα + 3∂α lnϕ] C˜ = ϕΦ˜ , (8.14a)
Kα[∂α + (V ⊗ V )α + 2∂α lnϕ] F˜ = ϕC˜ , (8.14b)
σ∆α∂αΦ˜ +K
α[∂α + (V ⊗ V )α + 2∂α lnϕ] F˜ = 0 , (8.14c)
Λα[∂α + Vα + ∂α lnϕ] A˜ = ϕF˜ (8.14d)
Let us find out how will look these equations after substitution the field omponents in the form
A˜l = ϕ
−1Al , F˜mn = ϕ
−2Fmn , C˜l = ϕ
−3Cl , Φ˜ = ϕ
−4Φ . (8.15)
It is straightforward to obtain
Gα[∂α + Vα]C = Φ , (8.16a)
Kα[∂α + (V ⊗ V )α] F = C , (8.16b)
ϕ2 σ∆α∂αΦ˜ +K
α[∂α + (V ⊗ V )α] F = 0 , (8.16c)
Λα[∂α + Vα] A = F . (8.16d)
Take notie that apparently eq. (8.16) does not oinides with a respetive equation in gαβ-spae.
However, if the vanishing of supplementary salar and vetor omponents Φ˜ = 0 , C˜ = 0 is taken into
onsideration, then effetively remaining two equations in (8.16) will read as
Kα[∂α + (V ⊗ V )α] F = 0 ,
Λα[∂α + Vα(x)] A = F , (8.17)
whih are preisely required ones for a set (Φ = 0, C = 0, A, F ) in gαβ-spae. This means that the property
of onformal invariane holds.
To avoid misleading it should be mentioned that just aomplished study of onformal invariane in
15-omponent theory of a massless vetor partile does not add muh to yet known for a onventional
10-omponent theory; rather it lies in the freedom from any internal onflit in the theory. This is what
should be expeted beause of equivalene demonstrated above between 15- and 10-omponent models
in a free partile ase.
9. Canonial energy-momentum tensor
In Se. 9 we are going to study a question about energy-momentum tensor for a generalized spin 1 partile.
At this it is onvenient to exploit a matrix formalism, when two basi equations are given by (for muh
generality, an external eletromagneti field will be taken into aount)
( Γα
→
Dα − m ) Ψ = 0 , Ψ¯ ( Γ
α
←
Dα + m ) = 0 , (9.1a)
where
→
Dα=
→
∇α +Bα − igAα ,
←
Dα=
←
∇α −Bα + igAα , g ≡ e/h¯c . (9.1b)
Let a tensor quantity W αβ be
W αβ = Ψ¯Γ
α
→
Dβ Ψ = Ψ¯Γ
α(
→
∂ β +Bβ)Ψ − igAβ (Ψ¯Γ
αΨ) . (9.2)
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The aim is to alulate a divergene over it. To this end, at on the first equation in (9.1) from the left
by an operator Ψ¯
→
Dβ , and multiply the seond from the right by íà
→
Dβ Ψ, and sum results, then we
have
Ψ¯
→
Dβ Γ
α
→
Dα Ψ + Ψ¯
←
Dα Γ
α
→
Dβ Ψ = 0 , (9.3a)
an further
Ψ¯Γα [ (
→
Dβ
→
Dα −
→
Dα
→
Dβ) +
→
Dα
→
Dβ ] Ψ + Ψ¯
←
Dα Γ
α
→
Dβ Ψ = 0 . (9.3b)
Now, plaing a term with ommutator [
→
Dβ ,
→
Dα]− on the right, we get to
Ψ¯( Γα
→
Dα +
←
Dα Γ
α )
→
Dβ Ψ = Ψ¯Γ
α[
→
Dα,
→
Dβ ]−Ψ . (9.3c)
Let us show that an expression on the left an be thought as a pure divergene of W αβ . We are to start
with
Ψ¯( Γα
→
Dα +
←
Dα Γ
α )
→
Dβ Ψ =
= Ψ¯[ Γα(
→
∇α +Bα − igAα) + (
←
∇α −Bα + igAα)Γ
α ]
→
Dβ Ψ =
= Ψ¯ [ Γα
→
∇α +(Γ
αBα −BαΓ
α)+
←
∇α Γ
α ]
→
Dβ Ψ . (9.4a)
Taking into onsideration eq. (7.7), relation (9.4a) an be transformed into
Ψ¯ ( Γα
→
Dα +
←
Dα Γ
α )
→
Dβ Ψ =
= Ψ¯(
←
∇α Γ
α + Γα;α + Γ
α
→
∇α )
→
Dβ Ψ = ∇α(Ψ¯Γ
α
→
Dβ Ψ) . (9.4b)
Hene, eq. (9.3) is equivalent to
∇α [ W
α
β ] = Ψ¯Γ
α[
→
Dα,
→
Dβ]−Ψ . (9.5)
Let us onsider in more detail the ommutator
[
→
Dα,
→
Dβ ]− = −igFαβ + Dαβ , (9.6a)
where
Fαβ =
∂Aβ
∂xα
−
∂Aα
∂xβ
, Dαβ =
∂Bβ
∂xα
−
∂Bα
∂xβ
+ (BαBβ −BβBα) . (9.6b)
For first term on the right in expression for Dαβ, it is easily to obtain a representation
∂αBβ − ∂βBα = ∇αBβ −∇βBα =
=
1
2
Jab∇α ( e
ν
(a)e(b)ν;β ) −
1
2
Jab∇β ( e
ν
(a)e(b)ν;α ) =
=
1
2
Jabeν(a) [ e(b)ν;β;α − e(b)ν;α;β ] +
1
2
Jab [ e(a)ν;αe
ν
(b);β − e(a)ν;βe
ν
(b);α ] . (9.7)
For seond one it follows
(BαBβ −BβBα) =
= (
1
2
Jabeν(a)e(b)ν;α) (
1
2
Jkleµ(k)e(l)µ;β ) − (
1
2
Jkleµ(k)e(l)µ;β) (
1
2
Jabeν(a)e(b)ν;α ) =
=
1
4
(
JabJkl − JklJab
) [
(eν(a)e(b)ν;α) e
µ
(k)e(l)µ;β )
]
.
Now, with the use of ommutation relations (see (6.11))
[Jab, Jkl]− = (−J
kbgla + J lbgka)− (−Jkaglb + J lagkb) ,
we get
(BαBβ −BβBα) = −
1
2
Jab [ e(a)ν;αe
ν
(b);β − e(a)ν;βe
ν
(b);α ] . (9.8)
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Aounting for eqs. (9.7) and (9.8), expression for Dαβ an be led to the form
Dαβ =
1
2
Jab eν(a) [ e(b)ν;β;α − e(b)ν;α;β ] =
=
1
2
Jab eν(a) [ e
ρ
(b)Rρνβα(x) ] =
1
2
Jνρ(x) Rνραβ(x) , (9.9)
where Rνραβ(x) designates a Riemann urvature tensor. Thus, eq. (9.5) reads as
∇αW
α
β = −ig J
αFαβ +
1
2
Rνραβ Ψ¯Γ
αJνρΨ . (9.10)
It is useful to perform some transformation over seond term on the right:
1
2
Rνραβ Ψ¯ Γ
αJνρ Ψ =
=
1
2
Rνραβ Ψ¯
(
1
2
[ ΓαJνρ − JνρΓα ] +
1
2
[ ΓαJνρ + JνρΓα ]
)
Ψ .
Further, with the use of ommutation relation (see (7.6))
ΓαJνρ − JνρΓα = gαν(x)Γρ − gαρ(x)Γν ,
one an produe
1
2
Rνραβ Ψ¯ Γ
αJνρ Ψ =
=
1
2
RαβJ
α +
1
4
Rνραβ Ψ¯ (Γ
αJνρ + JνρΓα) Ψ . (9.11)
Correspondingly, eq. (9.10) takes on the form
∇α [ W
α
β ] = −ig J
αFαβ +
1
2
JαRαβ +
1
4
Rνραβ Ψ¯(Γ
αJνρ + JνρΓα)Ψ . (9.12a)
This relation an be rewritten as
∇α [ W
α
β ] = J
α( −ig Fαβ +
1
2
Rαβ ) +
1
4
Rνραβ Ψ¯(Γ
αJνρ + JνρΓα) Ψ , (9.12b)
whih generalizes a known formula established by V.A. Fok [49, eq. (56)℄ at studying a spin 1/2 partile
on the bakground of a urved spae-time model. A single formal differene onsists in ourrene of one
additional term proportional to Riemann urvature tensor on the left.
It may be heked quite easily that, in the established formula (9.12b) being applied to spin 1/2
partile ase, this additional R-dependent term will vanish identially. To this end, let us onsider more
losely a ombination of Dira matries
(γαjνρ + jνργα) =
1
4
[ γα(γνγρ − γργν) + (γνγρ − γργν) γα ]
Multiplying the known formula for the produt of the ordinary Dira matries [12℄
γaγbγc = γagbc − γbgac + γcgab + iγ5ǫabcdγd (9.13a)
by the following tetrad onstrution eα(a)e
β
(b)e
ρ
(c), one obtains
γα(x) γβ(x) γρ(x) = [ γα(x) gβρ(x) − γβ(x) gαρ(x) +
+ γρ(x) gαβ(x) + iγ5 ǫαβρσ(x) γσ(x) ] . (9.13b)
Here a generally ovariant Levi-Civita symbol is given by
ǫαβρσ(x) = eα(a)e
β
(b)e
ρ
(c)e
σ
(d)ǫ
abcd . (9.13c)
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Now, with the use of (9.13b), one an produe
γα(x)jνρ(x) + jνρ(x)γα(x) = iγ5 ǫανρσ(x) γσ(x) . (9.14a)
So, we have arrived to
1
4
Rνραβ(x) Ψ¯(Γ
αJνρ + JνρΓα)Ψ =
1
4
Rνραβ(x) ǫ
ανρσ(x) Ψ¯γ5 γσ(x)Ψ ≡ 0 ; (9.14)
where it is taken into aount the known symmetry of the urvature tensor under yli permutation
over any three indies so that onvolution of R... with ǫ.... over three indies equals to zero.
Returning again to (9.12b), with the use of the properties of invariant-form matrix η (see (3.3) and
(7.1b)):
η−1[Γα(x)]+η = −Γα(x) , η−1[Jνρ(x)]+η = −Jνρ(x) , (9.15)
one an find that on the right in (9.12a) the first and the third terms are real-valued, whereas the seond
is imaginary:
∇αW
α
β = Re(x) + i Im(x) , Im(x) = −
i
2
JαRαβ ,
Re(x) = −ig JαFαβ +
1
4
Rνραβ Ψ¯(Γ
αJνρ + Jνρβα)Ψ . (9.16)
Now, we need to isolate real and imaginary parts on the left in (9.12a) too. To this end, let us find a
omplex onjugate tensor (Wαβ)
∗
:
(W αβ )
+ = [ Ψ+ηΓα(∇β +Bβ − igAβ)Ψ ]
+ =
= − Ψ¯Γα(
←
∇β −Bβ + igAβ)Ψ = − Ψ¯
←
Dβ Γ
αΨ . (9.17)
With the notation
Re (W αβ ) =
1
2
[
W αβ + (W
α
β )
+
]
= T αβ ,
Im (W αβ ) =
1
2i
[
W αβ − (W
α
β )
+
]
= U αβ , (9.18)
eq. (9.16) will split into two real-valued ones
∇α(T
α
β ) = −ig J
α(x)Fαβ +
1
4
Rνραβ Ψ¯ (Γ
αJνρ + JνρΓα) Ψ . (9.19)
∇α(U
α
β ) = −
i
2
JαRαβ , (9.20)
As it is readily heked, eq. (9.20) represent in essene a diret onsequene of the onserved urrent
law. Really, in aordane with definition for U αβ we have
U αβ =
1
2i
[
Ψ¯Γα(∂β +Bβ − iAβ)Ψ + Ψ¯(
←
∂ β −Bβ + iAβ)Γ
αΨ
]
=
=
1
2i
∇β (Ψ¯Γ
αΨ) =
1
2i
∇βJ
α . (9.21)
Therefore, eq. (9.19) an be led to the form
∇α∇βJ
α = RαβJ
α , (9.22a)
and further
(∇α∇β −∇β∇α)J
α + ∇β∇αJ
α = Jα Rαβ .
From this, with bearing in mind the onservation law for Jα, it follows an identity
Jρ(x) R αρ βα(x) ≡ J
α(x) Rαβ(x) . (9.22b)
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Thus, eq. (9.20) does not ontain anything new in addition to urrent onservation law. As for eq. (9.19),
for T αβ we have
T αβ =
1
2
[Ψ¯Γα
→
Dβ Ψ− Ψ¯Γ
α
←
Dβ Ψ] =
=
1
2
[Ψ¯Γα(
→
∇β +Bβ)Ψ− Ψ¯Γ
α(
←
∇β −Bβ)Ψ]− igJ
αAβ . (9.23a)
and a onservation law reads as follows
∇α(T
α
β ) = −ig J
αFαβ +
1
4
Rνρσβ Ψ¯ (Γ
σJνρ + JνρΓσ) Ψ . (9.23b)
To proeed with eq. (9.23b), it is a time to remember some fats about ambiguity in determining any
energy-momentum tensor. In the Minkowski spae-time suh freedom in its determining is desribed as
follows: if T ab (x) obeys an equation
∂aT
a
b = 0 ,
then another tensor
T¯ ab (x) = T
a
b (x) + ∂c [ Ω
[ac]
b (x) ] , where Ω
[ac]
b (x) = −Ω
[ca]
b (x) (9.24a)
satisfies the same equation as well
∂aT¯
a
b = 0
Obviously, simultaneous existene of the two onservation laws is insured by an elementary formula
∂a∂c Ω
[ca]
b (x) ≡ 0 . (9.24b)
As for a urved spae-time model, suh an equivalene between tensors T αβ (x) and T¯
α
β (x) holds as
well but in a more ompliated manner. Indeed, let two tensors be related to eah other by
T¯ αβ (x) = T
α
β (x) +∇ρ [ Ω
[αρ]
β (x) ] . (9.25)
Ating on both sides by operation of ovariant differentiation ∇α, one produes
∇αT¯
α
β (x) = ∇αT
α
β (x) +∇α [ ∇ρΩ
[αρ]
β (x) ] . (9.26)
Now, bearing in mind symmetry properties of the urvature tensor, one obtains
∇α [ ∇ρΩ
[αρ]
β (x) ] =
1
2
[R σαρβ Ω
[αρ]
σ +R
α
αρ σ Ω
[σρ]
β +R
ρ
αρ σ Ω
[ασ]
β ] =
=
1
2
[Rβσ αρ Ω
[αρ]
σ −Rρσ Ω
[σρ]
β −Rασ Ω
[ασ]
β ] ,
thus
∇α [ ∇ρΩ
[αρ]
β (x) ] =
1
2
RβσνρΩ
σ[νρ] . (9.27)
In the end, eq. (9.26) reads as
∇αT¯
α
β (x) = ∇αT
α
β (x) +
1
2
Rβσνρ(x) Ω
σ[νρ](x) . (9.28)
whih, on aounting eq.(9.23b), takes the form
∇αT¯
α
β (x) = −ig J
αFαβ +
1
4
Rνρσβ Ψ¯ (Γ
σJνρ + JνρΓσ) Ψ +
+
1
Rβσνρ(s)Ω
σ[νρ](x) . (9.29a)
If the quantity Ωσ[νρ](x) is hosen as
Ωσ[νρ](x) = +
1
2
Ψ¯[ΓσJνρ + JνρΓσ] Ψ , (9.29b)
then seond and third terms on the right in (9.29a) anel eah other, and we reah a onservation law
∇α T¯
α
β (x) = −ig J
α(x)Fαβ(x) . (9.30)
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Results
A generalized vetor partile theory with the use of an extended set of Lorentz group irrediible rep-
resentations, inluding salar, two 4-vetors, and antisymmetri 2-rang tensor, is investigated both in
tensor an in matrix approahes. Initial equations depend upon four omplex parameters λi, obeying two
supplementary onditions, so restrition of the model to the ase of eletrially neutral vetor partile is
not a trivial task. A speial basis in the spae of 15-omponent wave funtions is found where instead of
four λi only one real-valued quantity σ, a bilinear ombination of λi, is presented. This λ-parameter is
interpreted as an additional eletromagneti harateristi of a harged vetor partile, polarizability. It
is shown that in this basis C-operation is redued to the omplex onjugation only, without any aom-
panying linear transformation. The form of C-operation in the initial basis is alulated too. Invariant
bilinear form matrix in both bases are found and the Lagrange formulation of the whole theory is given.
Expliit expressions of the onserved urrent vetor and of the energy-momentum tensor are established.
In presene of external eletromagneti fields, two supplementary field omponents, salar and 4-vetor,
give a non-trivial ontribution to the Lagrangian and onserved quantities. Restrition to a massless
vetor partile is determined.
Extension of the whole theory to the ase of Riemannian spae-time is aomplished. Two methods
of obtaining orresponding generally ovariant wave equations are elaborated: of tensor- and of tetrad-
based ones. Their equivalene is proved. It is shown that in ase of pure urved spae-time models without
Cartan torsion no speifi additional interation terms beause of non-flat geometry arise. The onformal
symmetry of a massless generally ovariant equation is demonstrated expliitly. A anonial tensor of
energy-momentum Tβα is onstruted, its onservation law happens to involves the Riemann urvature
tensor. Within the framework of known ambiguity of any energy-momentum tensor, a new tensor T¯βα is
suggested to be used, whih obeys a ommon onservation law.
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